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1.  Introduction 10 

 11 

In their paper, Le and Bazant respond to the claim that the motion of the roofline of the World 12 

Trade Center North Tower (WTC 1), as captured in video footage, is inconsistent with the 13 

hypothesis of gravity-driven progressive collapse.  Unfortunately they do not give any sources 14 

for this claim, but it is likely that they are responding to the work of Chandler (2010) and 15 

MacQueen and Szamboti (2009). 16 

 17 

It is agreed on all sides that the collapse of WTC 1 initiated at the 98
th

 floor leaving a 12-story 18 

upper part to fall onto a stationary 97-story lower part, as stated by NIST NCSAR 1-6, p. 156.  Le 19 

and Bazant calculate the size of the velocity reduction (during impact between the falling upper 20 

part of the tower and the stationary lower part) to be about 3%.  They also find that, after 21 

impact, the upper part continues to accelerate downwards at 6.2 m/s
2
.  These calculations are 22 

unfortunately based on assumptions about WTC 1, especially regarding the steel columns on 23 

story 97, which are without justification, and which are contradicted by NIST.   24 

 25 

 26 

2.  Inertia Resistance 27 

 28 

Le and Bazant first calculate the slowing of the upper portion of the building due to the inertia 29 

of the first story impacted.  For reasons that unfortunately are not specified, the authors 30 

consider only the mass of the concrete floor slab to be involved in this exchange of momentum.  31 

Hence they calculate the effect of a descending mass of 54.18 Mkg striking a stationary mass of 32 

0.627 Mkg.  However, the concrete floor slab is only a small part of the floor, which includes 33 

rebar, steel decking, trusswork, and of course the live load.  According to Bazant and Le (2008), 34 

from which Le and Bazant obtain the data used in their paper, m2 = the mass of a single story is 35 

3.87 Mkg for WTC 1.  Using this value, rather than the mass of the concrete slab alone, we get a 36 

velocity ratio of  54.18/(54.18 + 3.87) = 0.93.  The velocity lost is therefore about 7% of the 37 
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original, rather than the 1.1% claimed.  (Note that this is already more than the 3% total loss 38 

calculated by Le and Bazant.) 39 

 40 

 41 

3.  Column resistance 42 

The 287 columns on the 97
th

 story are treated by Le and Bazant as identical, even though the 47 43 

core columns were on average much stockier than the 240 perimeter columns.  The data used 44 

for a single column seem to be describing a perimeter column (stated in NIST NCSTAR 1-3D, p. 4 45 

to be 14” square box columns) since the value Mp = 0.32 MNm may be obtained for a 14” square 46 

box column with wall thickness 6.75mm, or 0.27”, according to the usual formula: 47 

	�� = 1.5 ×		
� ×	�
 

(b is the breadth of each flange, t is the flange thickness, and Fy is the yield stress, assumed by Le 48 

and Bazant to be 0.248 GN/m
2
.)  49 

This flange thickness 0.27” is roughly consistent with the NIST NCSTAR 1-3D report, which states 50 

that “As the elevation in the building increased, the thickness of the plates in the columns 51 

decreased, but the plates were always at least 0.25 thick”.  (p. 5) 52 

The first error is then revealed when we apply this column specification, implicitly used by Le 53 

and Bazant, to calculate the total cross-sectional area of the columns.  We then obtain a total 54 

area A = 2.75m
2
, for the 287 columns, which is much less than the authors’ own value of 6.05m

2
.  55 

One is bound to wonder how this value of 6.05m
2
 was obtained, since no reference or 56 

calculation is given for it.  We shall show below that the correct value is roughly A = 2.3 57 

(perimeter) + 1.7 (core) = 4m
2
. 58 

 59 

The authors’ second error is to use a value of Fy = 0.248 GN/m
2
 (36 ksi) for the yield stress of the 60 

columns on the 97
th

 story.  This is incorrect, as thin-walled perimeter columns on the upper 61 

stories are reported by NIST to be 55ksi – 100ksi (NCSTAR 1-6, p. 61, and NCSTAR 1-3B, Table 4-62 

2, p. 52).  We will conservatively estimate the average yield stress to be 65ksi, i.e. 0.45 GN/m
2
.  63 

Since the formula for Mp is linear with the yield stress Fy, correction of this error increases the 64 

value of Mp for the perimeter columns to 0.58 MNm.  This is a very conservative estimate, since 65 

NIST reports the actual yield stresses to be above the nominal ones.  (NCSTAR 1-6, p. 61)   We 66 

see that the authors’ estimate of 0.32 MNm is hardly an upper bound. 67 

 68 

The calculation of Mp for the core columns is laborious, since the columns are a variety of sizes 69 

and steel types.  They are wide-flange columns, with flange dimensions ranging from 16.695” x 70 

3.033” down to 8” x 0.528”, and either 36, 42, 45, or 50 ksi.  (See the publicly available NIST 71 

SAP2000 model data, reproduced by MacQueen and Szamboti (2009), pp. 22-3.)  The Mp values 72 

range from 2.01 MNm down to 0.09 MNm, with the average being 0.75 MNm.  Again, this is far 73 

above the authors’ estimate of 0.32 MNm. 74 
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 75 

With these corrections in place, let us calculate the total yield load for all the columns.  First the 76 

240 perimeter columns: P = 240 x 0.00675 x 4 x 0.3556 x 0.45 x 10
9
 = 1.04 GN. 77 

 78 

The calculation for the core is more laborious, due to the variation in column dimensions and 79 

yield stress.  But using the same columns data, the total cross-sectional area of the core columns 80 

is found to be 1.69 m
2
, and the maximum load is 0.46 GN. 81 

 82 

Using these corrected values, we can calculate the load-displacement curve.  For this we also 83 

need the column length, L, which is 3.7m in the case of the core columns, and 2.3m for the 84 

perimeter columns, due to the 1.4 m deep spandrel plates.  The resistive force Fb is given by the 85 

formula below, where the number of columns is n, and u the reduction in column length. 86 

  87 

�� =	 4���
��1 − �1 − �����


 

 88 

 89 

Adding the two resistive forces, due to the perimeter and core columns, we get the graph shown 90 

in Fig. 1. 91 

 92 

 93 

Fig. 1. Diagram of load vs. displacement during axial deformation and buckling 94 

 95 

By inspecting this graph we see that ueq, the displacement at which the column resistance equals 96 

the 0.53 GN weight of the upper part (i.e. the 54 Mkg mass used by Le and Bazant) is roughly 97 

0.38m, rather than the 0.065m claimed. 98 

 99 

Up to this point we have used Le and Bazant’s mass value of 54 Mkg for the upper part of the 100 

tower, but this is probably an overestimate since it conflicts with the data provided in the NIST 101 

WTC report concerning their description of the floor structures, total steel weight found in 102 

contracts, and live and superimposed dead loads.  A more reasonable estimate, based on these 103 

Ueq ( 33 Mkg upper part mass) 

Ueq (54 Mkg upper part mass) 
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data, is 33 Mkg for the 12-story upper part, i.e. 2.75 Mkg per story.  This lower estimate is also 104 

much closer to typical mass per square meter values for other buildings sharing this type of 105 

construction, such as the Sears Tower and John Hancock building.  For a detailed treatment of 106 

these arguments, see Urich (2007). 107 

 108 

From here on, therefore, we shall calculate using the 33 Mkg value as well as Le and Bazant’s 54 109 

Mkg.  For example, using the lower mass value, ueq occurs at roughly 1.12m as shown in Fig. 1. 110 

 111 

 112 

4.  Calculating the Velocity Curve 113 

In order to verify the accuracy of the gravity-driven model, we shall calculate the velocity curve 114 

for the roof line, and compare it with the behavior of WTC 1 itself.  Fortunately there is high-115 

resolution footage of the collapse of WTC 1 shot by professional filmmaker Etienne Sauret, and 116 

used for the documentary film WTC - The First 24 Hours (2002).  Each pixel of this footage 117 

represents 0.27m of the tower, and the frame rate is 30 per second, allowing for very accurate 118 

measurements of the motion. 119 

David Chandler, one of the “internet” sources that Le and Bazant presumably refer to, has 120 

analyzed this motion using Tracker, an open source video analysis tool.  His graph is shown 121 

below, together with two velocity plots for a gravity-driven collapse. 122 

The calculated velocity of the roofline was obtained numerically using the load-displacement 123 

curve shown above.  We also assumed Le and Bazant’s freefall acceleration during the collapse 124 

of the first story, and the two possible mass values, as mentioned above.  The floors are treated 125 

as rigid and incompressible, so that no energy is lost deforming them, even though in reality this 126 

would be a significant energy drain.  The upper part of the building is also modeled as a rigid 127 

block, which Le and Bazant regard as a reasonable approximation. 128 

 129 

 130 

 131 

Fig. 2. Measured and calculated velocity curves 132 

 133 
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It is questionable whether the velocity fluctuations seen on the graph in Fig. 2 (using the 54 Mkg 134 

mass value claimed by Le and Bazant) would be visible on the video, since the measurement 135 

error is +0.675 m/s.  But it is clear that the calculated average downward acceleration is much 136 

less than the observed value. 137 

   138 

With the 33 Mkg mass the calculated velocity decrease is roughly 2 m/s, and should be visible in 139 

a velocity plot obtained from the Sauret video footage.  Also, the average acceleration after 140 

impact is negative (i.e. upward), which would be easy to observe. 141 

 142 

 143 

5.  Conclusion 144 

 145 

The analysis of Le and Bazant, while sound theoretically, uses incorrect input values.  These 146 

errors each have the effect of reducing the resistance of the lower part of the building.  As a 147 

result, their calculated velocity drop on impact is too low, and the calculated acceleration 148 

following that drop is too high. 149 

 150 

 151 
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Rebuttal to Criticisms of Reviewer #2 171 

Richard Johns 172 

Anthony Szamboti 173 

 174 

June 7, 2012 175 

 176 

The full text of the reviewer’s comments, as provided to us over email, including quotations 177 

from our discussion, are shown below in 10-point Arial font, indented.  Our responses are in 178 

Times font. 179 

Reviewers' comments: 180 

 181 

AE: On the basis of the enclosed review, the paper is declined for the lack of substantive 182 

arguments in terms the underpinning (e.g. tower velocity) calculations. 183 

 184 

 185 

Reviewer #2: The Jan 2011 technical note (TN) by Le and Bazant discussed how the upper 186 

portion of the WTC towers fell and impacted the remaining building section below, with a 187 

focus on the mechanics used to determine the velocity of the upper portion as it impacted 188 

the section below and the effect of degradation on the velocity. The change in velocity at 189 

impact was shown to be too small to detect on available videos. This paper builds on a 190 

series of papers in the Journal of Engineering Mechanics, and the entire sequence of papers 191 

needs to be considered by the discussion authors. 192 

 193 

The discussion paper by Szambati and Johns asserts that the input values used for the 194 

calculations of velocity were incorrect.  Therefore, the levels of computed deceleration at 195 

impact and acceleration following impact are thought to be incorrect. 196 

 197 

However, as noted below, the authors have not successfully demonstrated their concerns 198 

because they have not accurately represented the work by Le and Bazant or presented the 199 

basis for the input values they feel are correct. 200 

 201 

The reviewer has the following comments about the discussion paper: 202 

 203 

2. Inertia Resistance 204 

 205 

The authors stated that the reasons for only using the concrete mass are not stated. 206 

However, Le and Bazant reference their 2008 paper for the source of values used, and the 207 

authors go on to use values from that paper. Le and Bazant (2008) define mc as the "mass 208 

of one floor slab".   A floor slab is terminology often used to refer to the constructed floor, not 209 

just the concrete. 210 

Response: No doubt the term ‘floor slab’ is sometimes used this way, but not in this case.  The 211 

mass used by Le and Bazant, 0.627 Mkg, cannot be the mass of the entire constructed floor, 212 

since the latter (including the live load) is at least 2 Mkg.  A very rough calculation of the mass 213 
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of a lightweight concrete slab, 11cm thick, and roughly 60 by 60 metres, density 1750 kg/m
3
, is 214 

about 0.7 Mkg.  Of course there was no floor in much of the building core, which no doubt 215 

accounts for the small difference between this value and Le and Bazant’s. 216 

 217 

The authors use the m2 value defined by Le and Bazant as "mass of a single story", which 218 

includes the steel columns and floor slab, in a mass ratio of the upper section mass (M) to 219 

(M+m2).  M/(M+m2) cannot be equated to the velocity reduction in equation 2 in the TN. 220 

 221 

The authors statement below is incorrect: 222 

 223 

"The velocity lost is therefore about 7% of the original, rather than the 1.1% claimed. (Note 224 

that this is already more than the 3% total loss calculated by Le and Bazant.)" 225 

 226 

The 1.1% velocity reduction by Le and Bazant was based on rigid mass interactions in 227 

equation 2, and the 3% velocity reduction was based on deformation and interaction of both 228 

masses in equation 11. 229 

 230 

This criticism is baffling to us.  Our velocity reduction calculation, based on the inertia of floor 231 

97, does not depend on the floor being rigid.  It is simple Newtonian physics.  When a body of 232 

mass 14m strikes a stationary one of mass m, and they stick together, the resulting body has mass 233 

15m and has 14/15 = 0.93 of the original velocity.  This follows from the conservation of linear 234 

momentum, which applies to all collisions, regardless of the rigidity of the bodies involved.  If 235 

the bodies are compressible, then the velocity reduction is spread over a longer time interval, but 236 

the size of the reduction is unaffected.  We can see no reason at all to suppose that only the 237 

concrete slab would be accelerated by the impact, rather than the whole floor assembly.  Neither 238 

Le and Bazant nor Referee #2 has supplied such a reason. 239 

 240 

3.      Column Resistance 241 

 242 

The authors state: 243 

 244 

"The 287 columns on the 97th story are treated by Le and Bazant as identical, even though 245 

the 47 core columns were on average much stockier than the 240 perimeter columns. The 246 

data used for a single column seem to be describing a perimeter column (stated in NIST 247 

NCSTAR 1-3D, p. 4 to be 14" square box columns) since the value Mp = 0.32 MNm may be 248 

obtained for a 14" square box column with wall thickness 6.75mm, or 0.27", according to the 249 

usual formula: 250 

 251 

Mp = 1.5 x b2t x Fy 252 

 253 

(b is the breadth of each flange, t is the flange thickness, and Fy is the yield stress, assumed 254 

by Le and Bazant to be 0.248 GN/m2)." 255 

 256 

The column data used by Le and Bazant was representative section for all of the core and 257 
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perimeter columns, as described in Le and Bazant (2008) under Variation of Mass and 258 

Buckling Resistance Along Height section. 259 

 260 

The section referred to does contain some information about the columns, but it does not 261 

describe any single column spec that is representative for the columns between floors 97 and 98.  262 

Interestingly, it does give 10mm as the web thickness for the perimeter columns on the aircraft 263 

impact level.  Using 10mm with the other parameters (breadth 0.3556m and yield stress 250 264 

MPa) gives Mp = 0.448 MNm rather than 0.32 MNm, so it  could not have been used in Le and 265 

Bazant (2011).  In our opinion, Le and Bazant’s TN should have stated clearly, in the paper 266 

itself, their assumed specs for the columns on story 97.  As it is, we are forced to guess these 267 

specs, based on the few numbers they do supply, such as the plastic moment.   268 

 269 

The plastic moment, Mp=0.32 MNm is the "average yield bending moment of one column" 270 

for "n=287 columns (approximately considered as identical)".  Identical does not imply that 271 

they are all perimeter box columns. 272 

 273 

Further, it is not clear what 1.5 x b2t x Fy represents in the Mp equation, as it is not an 274 

expression for the plastic modulus of either a hollow box section or a wide-flange section 275 

about the plastic neutral axis. The authors need to give a source for the equation. 276 

Our equation for Mp is a simplified version of the one given in: 277 

Gaylord E. H. and Gaylord C. N. (1979) Structural Engineering Handbook, McGraw-Hill. 278 

On page 7-3 the plastic section modulus is given for a hollow rectangular section with external 279 

dimensions b x d, and flange/web thicknesses t and w as: 280 

 281 

�� 	= 	 	�

4 �1 − �1 − 2�

	  �1 − 2�
�  
! 

For a hollow square section, with equal flange and web thicknesses, we put d = b and w = t to 282 

get: 283 

�� 	= 	 	"
4 �1 − �1 − 2�

	  "! 

We then derived a simplified formula for thin-walled sections where t << b.  Multiplying out the 284 

brackets and dropping terms containing t
2
 and higher orders, one obtains: 285 

�� 	≈ 	 "
		
� 
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When this is multiplied by Fy it gives the formula for Mp stated in our discussion.  No doubt the 286 

use of the simplified formula was a stumbling block to the reviewer, and it also gives slightly 287 

different Mp values from the exact one.  We would be happy to use the exact formula instead. 288 

 289 

Given the comments above, the 'first error' cited by the authors as an incorrect total cross-290 

sectional column area for a floor is not persuasive.  Le and Bazant used a representative 291 

section (noted above) and there is no basis for the author's assertion that A= 4 m2. 292 

 293 

The value A = 4m
2
 is obtained by adding 2.3m

2
 (perimeter) to 1.7m

2
 for the core.  The total cross 294 

sectional area for the (roughly square) perimeter columns was calculated as 240 (columns) x 4 x 295 

0.3556m (breadth) x 0.00675m (thickness).  The total cross sectional area for the core columns 296 

was obtained by adding the cross sectional area for each core column, as given in the NIST 297 

SAP2000 model data. 298 

 299 

The noted 'second error' of the Fy value could not be verified. 300 

 301 

"The authors' second error is to use a value of Fy = 0.248 GN/m2 (36 ksi) for the yield stress 302 

of the columns". 303 

 304 

I did not find it in the 2011 technical note, or in the other papers by Le and Bazant.  Le and 305 

Bazant did account for varying Fy of the columns in their representative section. 306 

  307 

Le and Bazant did indeed use Fy = 250 MPa, i.e. 0.25 GN/m
2
.  While it is not explicitly stated in 308 

their 2011 paper, it can be calculated from their Equation (3).  They call it σ0, and it equals 309 

(1.513 x 10
9
)/6.05 = 0.25 x 10

9
.  Bazant and Le also give this value explicitly in their 2008 310 

closure to G. Szuladzinski’s discussion (JEM 2008, p. 921). 311 

 312 

For the calculation of Mp, I looked at the referenced MacQueen and Szamboti (2009), which 313 

listed column Fy and dimensions for core columns, but did not list any plastic moment 314 

values. Given the Mp equation above, the values listed for are suspect. 315 

 316 

It is disappointing that the reviewer finds our Mp values to be “suspect” without actually 317 

checking any of them.  All the necessary data to do so are provided in the supplied MacQueen 318 

and Szamboti reference.  Each flange has plastic section modulus t.b
2
/4, so the total is t.b

2
/2 for 319 

the two flanges.  (Here we neglected the small contribution from the web, i.e. ¼(d – 2t)w
2
, where 320 

d – 2t is the web length and w the thickness.  The full formula is given in Gaylord and Gaylord 321 

text referenced above, p. 7-3.) 322 

In our discussion we stated the Mp values calculated using this formula for the largest and 323 

smallest core columns.  For example, the largest type of core column on this story has b = 324 
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16.695” = 0.424m, and t = 3.033” = 0.077m, and has a 42 ksi (290 MPa) yield stress.  We then 325 

have  326 

 Mp = (0.077 x 0.424
2
 x 290 x 10

6
)/2 = 2.01 MNm,  327 

exactly as stated in our discussion.  We calculated the Mp values in the same way for all of the 47 328 

core columns using a spreadsheet, and found the average to be 0.75 MNm.  If anyone doubts this 329 

figure they are welcome to calculate it for themselves.  We can also provide our Excel file, upon 330 

request. 331 

 332 

The authors computed a total yield load for 333 

 334 

"First the 240 perimeter columns: P = 240 x 0.00675 x 4 x 0.3556 x 0.45 x 10^9 = 1.04 GN." 335 

 336 

Equations need to be presented with defined variables, and then followed by values is 337 

desired.  It is not clear what 0.3556 represents, and the area of the perimeter columns 338 

included flange sections that extended beyond the 'box' section, which is not discussed or 339 

included in the calculations.  Based on these points, the values listed for the core columns 340 

are also suspect, as insufficient basis for the values presented are provided. 341 

 342 

We think this calculation is clear enough, but it would be easy to add the explanation that 343 

0.3556m is the breadth of a perimeter column, and 0.00675m the flange thickness, so that 344 

0.00675 x 4 x 0.3556 is the cross-sectional area of one column.  Multiplying by the yield stress 345 

0.45 x 10
9
 N and the number of perimeter columns (240) gives the total yield load for the 346 

perimeter columns on the 97
th

 story. 347 

The appeal to extended flange sections, to account for Le and Bazant’s very high area value, is 348 

grasping at straws.  The figure below is part of Fig. 2-3 on p. 7 of NIST NCSTAR 1-3A, and 349 

shows that the total XS length of the flanges and webs is 13.5” x 2 + 14” + 15.75” = 56.75”.  350 

Hence our value of 14 x 4 = 56” is admittedly too low, but only by about 1.3%, which is not 351 

significant.  352 

 353 
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 354 

The authors use the unsubstantiated values from above in an equation from Le and Bazant 355 

(2002) that computes plastic axial load Fb or a given axial shortening u. 356 

 357 

The input values for the equation include a core column length of 3.7 m and a perimeter 358 

column length of 2.3 m.  Clearly, column lengths must all be the same on a given story - the 359 

spandrel plates were attached to the columns but did not act as columns.  Thus, Figure 1 is 360 

incorrect. 361 

 362 

The length of concern is the unsupported column length and it is different between the columns 363 

in the core and those on the perimeter due to the depth of the beams involved. In taking 2.3m as 364 

the unsupported length of a perimeter column we are following Bazant and Zhou (2002), p. 5, 365 

except that we measured the spandrel height to be 1.4m rather than 1.2m.  This can be changed 366 

without drastically affecting the results. 367 

 368 

The authors go on to estimate their own value of the mass of the upper descending portion 369 

of the tower, simply based on floor densities from other high-rise buildings.  While that 370 

information is interesting, it is not sufficient to claim that the correct value is 2.75 Mkg per 371 

story. 372 

 373 

In our discussion paper we actually refer to a detailed analysis by G. Urich, which is based on the 374 

NIST reports’ description of the floor structures, total steel weight found in contracts, and live 375 

and superimposed dead loads.  We do not argue solely by comparison with the Sears Tower and 376 

John Hancock building, although that provides additional evidence.  Moreover, we recently 377 

found that NIST NCSTAR 1-6D, p. 176, Table 4-7, directly states the actual total load on the 378 

columns between floors 98 and 99 to be 73,143 kips, i.e. roughly 33 Mkg. With the collapse 379 

initiating on the 98
th 

floor, as referenced in NIST NCSTAR 1-6, p. 156, the falling upper section 380 

mass would be roughly 33 Mkg, as stated in our discussion.  There are many separate lines of 381 

evidence leading to mass estimates in this range, while Le and Bazant provide no justification at 382 

all for their much-higher estimate.  Hence our criticism is well supported and very reasonable. 383 

 384 

4.      Calculating the velocity curve. 385 

 386 

Given the concerns about the values for mass and column properties, the velocity 387 

computations in this section are suspect.  The basis of the computed velocity curves for the 388 

33 and 54 Mkg masses are not described. Note that in Figure 2 that the 33 Mkg mass has a 389 

zero velocity at approx. 3.2 s, well before the collapse is completed. 390 

 391 

All the necessary input values are given, so that anyone can calculate their own curves to verify 392 

ours.  We would be happy to provide hand calculations that give approximately the same results 393 

as the curves shown, which were produced numerically.  We were not able to include such 394 

calculations in the original discussion, since we had reached the upper word limit.   395 
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In summary, Reviewer #2 has not found any error at all in our criticisms of Le and Bazant’s TN.  396 

We have correctly cited the TN itself, as well as Bazant’s earlier papers on the subject, and the 397 

NIST reports.  Our criticisms, summarised below, are therefore still valid. 398 

 399 

1. Le and Bazant do not adequately state their assumed specifications for the columns on 400 

story 97. 401 

 402 

2. The values they do state, i.e. average Mp = 0.32 MNm and total XS area 6.05 m
2
, are 403 

unsupported by any references or calculations, and not even consistent with one another, 404 

given the known number and external dimensions of the columns, their own value for the 405 

yield stress, and the standard textbook formula for Mp. 406 

 407 

3. In calculating the momentum exchange between the falling upper block and the first 408 

stationary floor, Le and Bazant have incorrectly used the mass of the concrete slab only, 409 

rather than the full floor assembly. 410 

 411 

4. Le and Bazant’s mass value of 54.18 Mkg for floors 99-110 (plus the roof) is 412 

unsupported by any evidence, and is much greater than the 33 Mkg value given by NIST. 413 

 414 

5. Le and Bazant’s average value for the yield stress of the columns on story 97 contradicts 415 

the yield stresses provided by NIST. 416 

 417 

6. With all these corrected data the value of ueq, i.e. the downward displacement at which 418 

the resistive and gravitational forces balance, is roughly 1.12m, not the 0.065m they 419 

claim. 420 

 421 

7. Using the corrected data, Le and Bazant’s own methods predict a velocity reduction that 422 

would be visible in a velocity plot derived from Etienne Sauret’s high-definition video 423 

footage of WTC 1.  (Our discussion paper, unlike the TN, includes this necessary 424 

empirical data, and no such reduction is visible.)  The conclusion of Le and Bazant’s TN 425 

is not supported by the available evidence. 426 

 427 

 428 

 429 

 430 

 431 
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Discussion of the paper 432 

Why the Observed Motion History of World trade Center Towers is Smooth 433 

By Ja-Liang Le and Zdeněk Bažant 434 

DOI: 10.1061/_ASCE_EM.1943-7889.0000198 435 

Journal of Engineering Mechanics, Vol. 137, No. 1, January 1, 2011, pg. 82-84 436 

 437 

Tony Szamboti 438 

Richard Johns 439 

 440 

1.  Introduction 441 

 442 

In their paper, Le and Bažant respond to the claim that the motion of the roofline of WTC 1, as 443 

captured in video footage, is inconsistent with the hypothesis of gravity-driven progressive 444 

collapse.  Unfortunately they do not give any sources for this claim, but it is likely that they are 445 

responding to the work of Chandler (2010) and MacQueen and Szamboti (2009). 446 

 447 

It is agreed on all sides that the collapse of WTC 1 initiated at the 98
th

 floor leaving a 12-story 448 

upper part to fall onto a stationary 97-story lower part, as stated by NIST NCSAR 1-6, p. 156.  Le 449 

and Bažant calculate the total velocity reduction after impact to be about 3%.  They also find 450 

that, after impact, the upper part continues to accelerate downwards at 6.2 m/s
2
.  It seems 451 

these calculations are based on assumptions, especially regarding the steel columns on story 97, 452 

which are without justification and contradicted by NIST.  453 

 454 

  455 

2.  Inertia Resistance 456 

 457 

Le and Bažant first calculate the slowing of the upper portion due to the inertia of the first story 458 

impacted.  For reasons that are not specified, they consider only the mass of the concrete floor 459 

slab to be involved in this exchange of momentum.  They calculate the effect of a descending 460 

mass of 54.18 Mkg striking a stationary mass of 0.627 Mkg.  However, the concrete floor slab is 461 

only part of the overall floor mass, which also includes rebar, steel decking, trusswork, and the 462 

live load.  According to Bažant and Le (2008, p. 905), from which Le and Bažant obtain the data 463 

used, m2 = the mass of a single story is 3.87 Mkg for WTC 1.  Using this value, we get a velocity 464 

ratio of  54.18/(54.18 + 3.87) = 0.93.  The velocity lost is therefore about 7% of the original, 465 

rather than the 1.1% claimed.  (Note that this is already more than the 3% total loss, calculated 466 

by Le and Bažant.) 467 

 468 

 469 

3.  Column resistance 470 

For simplicity, Le and Bažant’s calculations assume that the 287 columns on the 97
th

 story are 471 

identical.  Unfortunately the full specifications of this representative column are not stated.  We 472 

are told that the plastic moment Mp for this column is 0.32 MNm, and from Equation (3) we can 473 

infer that the yield stress σ0 = 250 MPa.  The total cross-sectional area of the 287 columns is 474 
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stated to be 6.05 m
2
.  The shape of the column, its overall dimensions, and flange and web 475 

thicknesses are not given.  We can find no specification consistent with this data. 476 

Most of the columns (240 of the 287) were perimeter columns, the overall dimensions and 477 

shape of which are stated by NIST (NCSTAR 1-3D, p. 4) to be approximately 14” square box 478 

columns, i.e. having width and breadth equal to 0.3556 m.  To calculate Mp we used a standard 479 

formula for the plastic section modulus of a hollow rectangular section (see Gaylord et al, 1979, 480 

7-3), putting width equal to breadth b, web thickness equal to flange thickness t, and multiplying 481 

by the yield stress, gives: 482 

�� 	= 	 �$
% �1 − &1 − 
'

� (
" )*.  (1) 483 

Calculating backwards (from Mp=0.32 MNm) gives t = 7.02 mm.  This is much less than the 10 484 

mm thickness given in Bažant and Le (2008, p. 896) for the aircraft impact level, and even a little 485 

less than the 7.5 mm they state for the top story.  It also entails a total cross-sectional area of 486 

287 x 4 x 0.3556 x 0.00702 = 2.87 m
2
, which is less than half of the 6.05 m

2
 stated.  The authors 487 

need to explain how their Mp value was obtained. 488 

Our estimate of the average plastic moment of the columns on story 97 is 0.64 MNm, obtained 489 

as follows.  For the perimeter columns, we conservatively assume web and flange thicknesses t 490 

= 7.5 mm.  The yield stress of the perimeter columns at story 97 is reported by NIST to be 55ksi – 491 

100ksi (NCSTAR 1-6, p. 61, and NCSTAR 1-3B, Table 4-2, p. 52).  We estimate the average yield 492 

stress to be 65ksi, i.e. 450 MPa, which is also conservative, since NIST reports the measured 493 

yield stresses to be above nominal.  (NCSTAR 1-6, p. 61). This gives Mp = 0.61 MNm for the 494 

perimeter columns. 495 

 496 

The core columns vary in size and steel types. They are wide-flange columns, with flanges 497 

ranging from 16.695” x 3.033” down to 8” x 0.528”, and either 36, 42, 45, or 50 ksi yield 498 

strength.  (See the available NIST SAP2000 model data, reproduced by MacQueen and Szamboti 499 

(2009), pp. 22-3.)  To calculate Mp for the weak axis the plastic section modulus Zp = ½ t.b
2
, also 500 

obtained from Gaylord et al (1972, 7-3), was used, omitting the small contribution from the 501 

web.  The Mp values for core columns were found to range from 2.01 MNm to 0.09 MNm, the 502 

average being 0.75 MNm.  The weighted average, for core and perimeter columns, is then 0.64 503 

MNm.  We conclude that 0.32 MNm is much too low. 504 

 505 

Using this corrected Mp value, together with the other column data stated above, we can repeat 506 

Le and Bažant’s calculations for the velocity reduction of the upper part of WTC 1.  First we 507 

calculate the total yield load for all columns.  For the 240 perimeter columns: P = 240 x 4btσ0 = 508 

1150 MN. For the core,  using the NIST data, the total cross-sectional area of the core columns is 509 

found to be 1.69 m
2
, and maximum load is 460 MN.  In total, we have P = 1,610 MN. 510 

 511 

For calculating the load-displacement curve we also need the column length L, given by Le and 512 

Bažant as 3.7 m for all the columns.  Bažant and Zhou (2002, p. 5) state the effective height of 513 

the perimeter columns to be 2.5 m, the distance between the 1.32 m deep spandrel plates, that 514 

were heavier gauge than the adjacent column webs.  (See NIST NCSTAR 1-3A, pp. 7-9.)  Since our 515 

aim is to calculate a conservative estimate of the velocity drop, however, we will ignore the 516 

spandrel plates and use L = 3.7 m – which makes the perimeter columns more slender, 517 

substantially reducing their resistance during buckling.  The resistive force Fb is then given by the 518 
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formula below (see Bažant and Zhou 2002, p. 6) where number of columns is n, and u the 519 

reduction in column length. 520 

  521 

�� = 4���
��1 − �1 − �����


																		(2) 
    522 

Using Mp = 0.64 MNm we get the graph shown in Fig. 1.   523 

 524 

 525 
Fig. 1. Diagram of load vs. displacement during axial deformation and buckling 526 

 527 

The average resistance of the columns is 310 MN, using numerical integration.  The 528 

displacement ueq, at which column resistance equals the 530 MN weight of the upper part (i.e. 529 

the 54.18 Mkg mass used by Le and Bažant) is 0.27 m, rather than the 0.065 m claimed. 530 

 531 

Up to this point we have used Le and Bažant’s mass value of 54.18 Mkg for the upper part of the 532 

tower, but this conflicts with the NIST report (NCSTAR 1-6D, p. 176, Table 4-7), which states the 533 

actual total load on the columns between floors 98 and 99 to be 73,143 kips, i.e. 325.4 MN or 534 

33.18 Mkg.  NIST’s estimate is also much closer to typical mass per square meter values for 535 

other buildings sharing this type of construction, such as the Sears (now Willis) Tower and John 536 

Hancock building.  For a detailed examination of the masses of WTC 1 and 2 see Urich (2007). 537 

 538 

From here on, we will use NIST’s 33 Mkg figure in our calculations.  For example, ueq then occurs 539 

at roughly 0.76 m, as shown in Fig. 1. 540 

 541 

 542 

4.  Calculating the Velocity Curve 543 

To verify the accuracy of the gravity-driven model, we can calculate the velocity curve for the 544 

roof line, and compare it with the behavior of WTC 1 itself.  Fortunately, there is high-resolution 545 

footage of the collapse of WTC 1 shot by professional filmmaker Etienne Sauret, and used for 546 

the documentary film WTC - The First 24 Hours (2002). Each pixel of this footage represents 0.27 547 

m of the tower, and frame rate is 30 per second, allowing for accurate measurements of the 548 

motion. 549 

 

ueq with 54.18 Mkg mass 

ueq with 33.18 Mkg mass 
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David Chandler has analyzed this motion using Tracker, an open source video analysis tool.  His 550 

graph is shown below, together with a calculated velocity plot for a gravity-driven collapse. 551 

The calculated velocity of the roofline was obtained numerically using the load-displacement 552 

curve shown above, and scaling up linearly for lower stories, according to the increasing design 553 

load.  We also assumed Le and Bažant’s freefall acceleration during the collapse of the first 554 

story.  Floors are treated as rigid and incompressible, and assumed to stick together upon 555 

impact.  The upper part of the building is modeled as a rigid block, which Le and Bažant regard 556 

as a reasonable approximation. 557 

It is easy to derive an approximation of this curve, using hand calculations, given the average 558 

97
th

 story column resistance of 310 MN, which is approximately NIST’s (325.4 MN) weight for 559 

the upper part of the building.  Hence the average velocity is approximately constant after the 560 

first impact – decreasing slightly due to the inertia of the impacted stationary floors. 561 

 562 

 563 

Fig. 2. Measured and calculated velocity curves 564 

 565 

The calculated first velocity decrease is 1.65 m/s (approximately 20%), and would be visible (if it 566 

existed) in a velocity plot obtained from the Sauret video footage.  Also, the predicted average 567 

acceleration after impact (roughly zero) is significantly different from what was observed. 568 

 569 

 570 

5.  Conclusion 571 

 572 

The analysis of Le and Bažant uses incorrect input values.  These errors each have the effect of 573 

reducing the resistance of the lower part of the building.  As a result, their calculated velocity 574 

drop on impact is too low, and their calculated acceleration following that drop is too high. 575 

 576 

 577 
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 600 

 601 

If the erroneous Le and Bazant assumption of the vanishing story and free fall through the 1
st

 602 

story is also replaced by the actual measured acceleration the below would be the result, 603 

 604 

 605 

 606 
 607 

showing an arrest of the collapse in the second story of the fall. Le and Bazant embellish 608 

the kinetic energy by using nearly double the actual mass and acceleration while also 609 

diminishing the actual column energy absorption capacity by a factor of two. 610 
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